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The aim of this paper is to determine the maximal number of induced K(t, t) subgraphs in 
graphs of given order and in graphs of given size. 
Given a graph G and a natural number t, denote by ft(G) the number of 
induced subgraphs of G isomorphic to K(t, t). Our notation is that of [2]; in 
particular, K(t, t) is a complete bipartite graph with t vertices in each class and 
TE(n) is a complete bipartite graph with L½nJ and [½n] vertices in the classes. For 
given values 4 ~< 2t ~< n and 2 <~ t ~< s we shall determine max/oft(G): IGI = n) and 
max, (G) :  e(G)=s2}. Results in a similar vein were proved by ErdSs and 
Hanani (see [3] and [2; p. 304]), Beineke and Harary [1] and Moon and Moser [4] 
(see also [2; p. 366]). 
For a vertex x of a graph G denote by f~(G;x) the number of induced 
K(t, t)-subgraphs of G containing x, and define ft(G; xy) similarly. Note that if G 
has order n, then 
1 t ft(G;x) ~ (1) 
t -1  
and if xy e E(G) and Ir(x)n rty)l =c(x, y), then 
-c (x ,  y ) -  l ) (n -d (x ) -  l )  
f t (G;xy)< ~ (d(x) t -  1 t -  1 " (2) 
Indeed, if U1, U2 are the two classes of an induced K(t, t), x e 1.11 and y ~ U2, then 
U1 c F(y) - F(x) ~ V(G) - r(x), 
and 
Us = r(x)  - Fly) = r(x) - r (x)  n r(y). 
The relations above enable us to determine max(ft(G): ]G I = n} for all values 
ofn. 
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Theorem 1. If G is a graph of order n >>- 2t >t 4, then 
ft(G)<~ft(T2(n))= ([½nJ)(t [½n])t 
and equality holds iff G = Tz(n). 
Proof. We apply induction on n. The result is true for n = 2t, so suppose that 
n > 2t and the theorem holds for smaller values of t. Pick a vertex x of minimum 
degree, say d (x )= ~(G) = d. 
If d <~ [½nJ, then by (1) and the induction hypothesis 
ft(G) = ft(G; x) + ft(G - x) 
t -  1 +ft (Tz(n-  1)) =ft(Te(n)). 
Furthermore, if equality holds then d = [½nJ, G -x -~ Tz(n-  1) and F(x)  is 
precisely one of the vertex classes of the complete bipartite graph G -x .  Hence 
G-= 
Suppose now that d >I [½nJ + 1. Then for every y ~ F(x) we have c(x, y)>t 
2d - n >~ 1, d(x) - c(x, y) - 1 ~< n - d - 1 so by (2) 
ft(G;xy) <~ (n -d -  1) 2. 
t -1  
Consequently 
ft(G;x)=l_ ~ f , (G ;xy)<d\  ]2<< ( t 1 ) 
{n - d - 1~ L½nJ + 1 [½n] - 2 2 
t yet(x) t - 1 t - 
<~ L½nJ +1 (L½n]- 1) ( [½n] - 2) < (L½nJ)([½n] - 1) 
t t -1  t -1  t t -1  ' 
where we used in the last inequality the fact n >/2, and so 
: (G) = f,(G; x) + : (G  - x) 
t -  1 +ft (T2(n-  1)) =ft(Tz(n)). [] 
It is not too easy to determine max, (G) :  e(G) = m} for all values of m. Our 
next result concerns the case m = s 2. 
Theorem 2. Let 2 <<. t <~ s and let G be a graph of size S 2. Then 
(s)2 
ft(G)<~ft(r(s's))= t " 
and equality holds iff G consists of a K(s, s) and isolated vertices. 
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Proof. Let us apply induction on s. For s = 2 (and so t = 2) the assertion is trivial 
so suppose s > 2 and the result is true for smaller values of s. 
Let e(G) = s 2 and consider an edge xy ~ E(G). Note that if d(x) + d(y) ~ 2s, 
then 
with equality iff d(x)= d(y )=s  and G contains all K(t, t) subgraphs which 
contain the edge xy and whose first vertex set is in F(y), the second in F(x). 
Hence if d(x) + d(y) ~< 2s and equality holds in (3), then G =- K(s, s). 
Suppose now that d(x)+d(y)>~2s+l .  Then e(G-{x ,y})=s2-d(x )  - 
d(y) + 1 < (s - 1) 2, by the induction hypothesis ft - l (G - {x, y}) ~ - 1 
t 
and so 
S - -  
(4) 
Since e(K(t, t)) = t 2 and e(G) = s 2, relations (3) and (4) imply that 
$2 $ _ _  
(5) 
Furthermore, if equality holds in (5), then equality holds in (3) for every edge xy 
and so G ~ K(s, s). [] 
An exact analog of the proof above shows that if e(G)= s(s + 1), s t> t ~> 2, 
then 
t 
with equality iff G ~-K(s, s + 1). The only reason why we did not write out a 
proof valid in both cases is that it is rather unattractive to write e(G) = s(s + e), 
e = 0 or 1, etc. 
What are the extremal graphs for the function max(ft(G): e(G) = m} when m is 
not of the form s 2 or s(s + 1)? In view of the results above it is tempting to 
conjecture that if m = s 2 + r, 0 ~ r ~ s, s t> t, then there is an extremal graph 
which contains a K(s, s) and is contained in a K(s, s + 1), and if m = s(s + 1) + r, 
0 ~ r ~ s + 1, then there is an extremal graph which contains a K(s, s + 1) and is 
contained in a K(s + 1, s + 1). But this is not so. Theorem 3 concerns the case 
m = s(s + 2)= s(s + 1) + s; the unique extremal graph, which can be determined 
in an elegant way, is not contained in a K(s + 1, s + 1). 
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Theorem 3. Let  1 <~ t <~ s and let G be a graph o f  size s(s + 2). Then 
and if t >I 2, then equality holds iff G -- K(s, s + 2). 
Proof. Let us apply induction on t. As f l (G)= e(G)= s(s + 2), the assertion is 
trivial for t = 1. Suppose t >I 2 and the result is true for smaller values of t. 
Assume furthermore that 
In order to prove the theorem we have to show that G =- K(s, s + 2). 





the graph G contains a K( t -  1, t -  1) graph, say Ko, which is contained in at 
least 
t t -1  t -  =(s - t+ l ) ( s - t+3)=u 
induced K(t,  t) subgraphs of G. 
Let Ko have vertex classes Uo, Vo, and let xly l ,  • • •, x~yu be edges of G such 
that Uo U {xi} and Vo O {y~} are the vertex classes of an induced K(t,  t) subgraph 
of G, i = 1 , . . . ,  u. Then each x~ is joined to all vertices in Vo and to none in Uo, 
and each Yi is joined to all vertices in Uo and to none in Vo. This implies that the 
edges x ly l , .  • •, x~y,, form a bipartite graph H of size u and each vertex of H is 
joined to t - 1 vertices of Ko. Hence if h = [HI, then 
SO 
( t -  1) 2 + h( t -  1) + u <~s(s + 2) 
h <<- {s(s  + 2) - ( t -  1 )2 - (s - t  + 1)(s-t  + 3)}/(t-  1) 
=2s-2t  +4. 
Since e(H)  = u = (s - t + 1)(s - t + 3), either H = K(s  - t + 1, s - t + 3) or H is 
isomorphic to a K(s - t + 2, s - t + 2) from which an edge has been omitted. In 
the first case G = K(s,  s + 2), as claimed. The second case cannot arise since then 
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G is a K(s + 1, s + 1) from which an edge has been omitted and so 
( ,  s s 
= t -- _s = t +( t ) ( t -1 )  
< + 
t -- t . 
contradicting our assumption. [] 
In the proof above we made use of the average number of K(t, t) subgraphs 
containing a K(t - 1, t - 1), instead of the average number of K(t, t) subgraphs 
containing an edge, as in the proof of Theorem 2. This approach can be used to 
determine the extremal graphs for some other ranges of m = e(G),  but as even 
Theorems 2 and 3 tell us a fair amount about the function max(ft(G): e(G) = m}, 
the little additional information is not worth the effort. 
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